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Abstract

We show a right unitary transformation approach based on Susskind—Glogower
operators that diagonalizes a generalized Dicke Hamiltonian in the field basis
and delivers a tridiagonal Hamiltonian in the Dicke basis. This tridiagonal
Hamiltonian is diagonalized by a set of orthogonal polynomials satisfying a
three-term recurrence relation. Our result is used to deliver a closed form,
analytic time evolution for the case of a Jaynes—Cummings—Kerr model and to
study the time evolution of the population inversion, reduced field entropy and
Husimi’s Q-function of the field for ensembles of interacting two-level systems
under a Dicke—Kerr model.

PACS numbers: 02.30.1k, 03.65.Fd, 42.50.Pq

(Some figures may appear in colour only in the online journal)

1. Introduction

The Jaynes—Cummings (JC) model is a fundamental building block in quantum optics; it
describes the interaction of a qubit with a quantum electromagnetic field under long wave
and rotating wave approximations. It is exactly solvable [1] and has proven useful to describe
phenomena such as Rabi oscillations [2] and the collapse and revival of the atomic inversion
[3], among others; see [4] for a review of the model. If the number of qubits increases, the
model, known as the Dicke or Tavis—Cummings model, shows many-body phenomena in the
form of a superradiant phase [5]. The Dicke model is also exactly solvable [6—8] and is known
to show super-fluorescence and amplified spontaneous emission; see [9] for a recent review.

In recent years, a general Dicke Hamiltonian, including quadratic self-interactions on both
the field and qubit ensemble was introduced to study the effect of the nonlinearities and their
relation to the Stark shift, in units of A,

H = wd'd+ oS, + y (a7 + §?) + g(aS, +a's.). (1)
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In this model the frequencies for the field and two-level system transitions are given by @ and
wp, the quadratic interactions are assumed to be equal and given by y, while the coupling
between field and qubit is given by the parameter g. An exact solution to this system was
found by quantum inverse methods involving Bethe ansatz [10]. The importance of the Dicke
model and its generalization lies in its ability to describe more than atoms interacting with the
quantized field of a cavity; i.e. lasers. For example, it may describe open dynamical cavity-
QED systems [11], ion trap systems [12], circuit-QED systems [13, 14], and Bose—FEinstein
condensates interacting with classical or quantized electromagnetic fields [15-17].

In this contribution, we present an exact solution, up to the roots of a polynomial, to a
more general Dicke Hamiltonian by considering non-identical nonlinear interactions in (1).
In the following, we discuss our general Dicke Hamiltonian and the physical systems it can
describe. We then show how a novel right unitary transform involving Susskind—-Glogower
operators helps us diagonalize the Hamiltonian in the field basis. With this at hand, it is
simple to diagonalize the resulting tridiagonal Hamiltonian in the Dicke basis via orthogonal
polynomials satisfying a three-term recurrence relation. In order to verify the validity of our
exact solution, we recover the time evolution for a system involving just the single qubit.
Finally, we study the time evolution of different ensemble sizes to illustrate the simplicity of
our approach and the results it yields; we focus on the population inversion dynamics of the
qubit ensemble as well as the evolution of the entropy and Q-function of the field.

2. The model

Let us consider a system composed by an ensemble of N identical two-level systems (‘qubits’)
that interact with each other. These qubits are in the presence of a quantized field and a Kerr
medium. For the sake of simplicity, we move into the frame defined by the transformation
U(t) = e N where the excitation number operator is given by N = 4'a + J,, and work
with the Hamiltonian in units of #,

H =8I+ k(a'a)* + yI? + 1@l +a'T). )
The qubits ensemble is described by collective Dicke operators satisfying the su(2) algebra,
[f+,f,] = 2]; [J;,fi] = :I:fi, while the annihilation and creation operators for a single
mode field satisfy [d, d'] = 1. The transition frequency of each qubit, w,, and the frequency
of the field, wy, are summarized by the detuning § = w, — wy. The Kerr medium is described
by the parameter «, while the qubit—qubit and ensemble—field couplings are given by y and A,
in that order.

The Hamiltonian (2) describes the N-atom maser in general. In the special case of
equal self-interactions, k = y, it can be transformed into the N-atom maser, including Kerr
nonlinearity and Stark shift as discussed in [10]. Different parameter sets describe particular
physical models; e.g., {8, ¥, A} = 0delivers the Kerr model [18, 19], {«, y} = Oyield the Dicke
or Tavis—Cummings model [5, 6] and {y} = 0 gives the micromaser with Kerr nonlinearity
[20-22]. Furthermore, the general Hamiltonian (2) and its reductions are experimentally
feasible in cavity- and circuit-QED as well as trapped ions. It may also be possible to realize
some of these models with two-mode Bose—Einstein condensates coupled to radiation fields
[15, 23-26].

The case of equal-self interactions, k = y, has been solved by inverse quantum methods
in the past [10]. This solution involves the Bethe ansatz method. The general Hamiltonian
(2) can also be solved by extending our right unitary approach to the quantum Landau—Zener
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problem for a single two-level system presented in [27], which delivers an evolution operator
with the form

00 =0a00s0), U, =e M, 3)
where the auxiliary Hamiltonians are given by
N/2 N/2
Hy= Y FGAINGI+ D GGAUNG—11+1i— 1D, 4)
J=—N/2 j=—N/2+1

N/2—1 N/2—1—j
Hy= Y Y FQU.Mal) I
j=—N/2 k=0
N/2—1  Nj2—1—j
F =8 Y > GUAKRING =1+ 1= DD, (5)
j==N/2+1 k=0

where the ket | j) is a Dicke state, the operator gy is the density matrix for the pure state of the
field with k photons, the operator /i = @' is the photon number operator and the symbol 8,
represents Kronecker delta. These auxiliary Hamiltonians are diagonal in the field basis; i.e.
they are given in terms of the photon number functions

N 2

FUﬁ)=K<ﬁ—E+J)+J®+VD, (6)
o N /N N 12 ) N .1/2

G(],I’l)=)»|:5<5+l)—j(j—l)i| |:n+1+§—j] . (7

There is, however, a simpler approach to solve this general radiation—matter interaction model.

3. Exact solution

In order to present a simpler approach to solve the Hamiltonian (2), let us define the right
unitary transformation

T =Y Vil (8)
=%
T =1, ©)
NNy
T'T=1- )" Y adidl be= k) srikl, (10)

j=7%+1 k=0

where we have used the Susskind—Glogower operators,

. 1
V= —Ha (11
a'a
vi= &T;, (12)
Vata+1
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which act as lowering and raising ladder operators on the Fock state basis, 1% |n)y =1In— 1)

and V7 |n) y = |n+ 1) in that order, and are right-unitary, VVi=1andViV =1- 0o, Where
Or is the density matrix for the pure state of the field with k photons. Again, the ket | /) is a
Dicke or angular momentum state. Then, it is possible to write the general Hamiltonian (2) as:

H =THAgTT, (13)

where the auxiliary Hamiltonian is given by,

Ay = Z FG N

j——*

oz

+ > gGAANG = 1+ 1= DD (14)

j==5+1

We have used the notation I;VSC to bring forward that this Hamiltonian is semi-classical-like
because it is only expressed in terms of the number operator,

. SN N .
f(J,n)ZK(n—E—J) +j6+v), (15)
(j,n) = A l N+l i(j—1) " i+ 1 v 1" (16)
=A== — — n - = - .
8U A JU 5 J
It is possible to express the dynamics of this model as the evolution operator
A A 1 A
_ a—uH o m
U)=e _Zm!( iH)™, (17)

m

where powers of the form H™ are needed. These powers can be obtained by realizing from (10)
and (14) that THSCT*THSCTT THZ.T" leads to H™ = TH"T" by means of V> [k) ; = 0
and ; (k|(V )2+/ =0 fork = O,...,N/Z—l—] —land j = —=N/2 +1,...,N/2. Thus, the
evolution operator in the reduced form is given by the expression

U(t) = Te s, (18)

The Hamiltonian Hgc is diagonal in the field basis and is symmetric tridiagonal in the
Dicke basis; i.e. it is diagonalizable in the angular momentum basis. The eigenvalues of
this Hamiltonian can be found by the method of minors and are given by the roots of the
characteristic polynomial

N . N R
pn+1(v) = [v - f (—5, n)] pv) — & (—5 +1, n> pn—1(v) (19)
with
po(v) =1, (20)
N
pl(v)=v—f(5,ﬁ), (21)

N o
pj(v) = |:V —f(a +1—j ”)]le(v)

N " .
-g (5 +2—7, n) pia(v), j

V
S

(22)
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The eigenvectors are calculated from the eigenvalue equation for the Hamiltonian and give

N

2

N
2
=3, 3l =1 (23)
k=—Y

N
k=—Y

where the amplitudes answer to the following recurrence relations,

N . i N | ;
(53 Jef e(38) =0 @

(o) = vile” + g( e, +g(i + 1, i)e? =0, (25)
N N . ;
[f(—a,n)—vj}c%—i-g( 2+1,n>c<§)+1=0. (26)

4. Examples

The time evolution given in the previous section accounts for the full dynamics of the system
and helps calculate any given quantity of interest. As an example, we will focus on the time
evolution of the reduced dens1ty matrix for the field where the initial state is given by a pure

state |1/ (0)) = Z OZ _7Cjk|1f|k>

N
2

e¢}
. N
pr =3 Y priiiChariills <p T 5’t>

ik i=—% p.q=0
. N
xUfilg+1+ 51 ) Phsrial. (27)

The notation U; (i, 1) = (e~ ”Héf) i is used to describe the components of the semi-classical
time evolution operator. This allows us to calculate the mean photon number evolution,

N
2

A - * N * N
(n(t)) = Z ZpCerlfj,ijH,k,kUl,j (P+ I+ Eyl‘) Ul,k (P—i— I+ 51 t) s (28)

Jki==% p=0

and in consequence the population inversion (JAZ @) = (N (t = 0)) — (n(¢)). Other interesting
quantities are the purity of the field,

P(t) =1—"Trp;, (29)
N
B 00 N
Tr'az = Z Z CPJF]*J.-,J‘CfiJrU*mvmcz-Q-l—k,kC;-H)—n,n Uu,j (p +1+ E’ t)
j,k,l,m,n,ozfg P,q=0
N . N . N
X Upm q+0+5,t Uy 6]+l+§,t U, p—|—0+5,z‘ , (30)
and von Neumann entropy,
(Sr(0)) = =Trlpr(0) In pr ()], (3D

which are a good measure of the degree of mixedness of the reduced system.
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Figure 1. Time evolution of the mean population inversion (a, b), reduced field entropy (¢, d) and
Husimi’s Q-function for the field at times equal to half-minimum (e, g) and minimum of entropy
(f, h) for a single qubit interacting with a quantized electromagnetic field on resonance, § = 0,
under JC (left column a, ¢, e, f) and Jaynes—Cummings—Kerr (right column b, d, g, 1) models. The

initial state for both cases is [ (0)) = |a)s| — %) witha = 5.

4.1. A single qubit
Let us consider a system with just the single qubit,
. JOR A . R
H =«n" + 502 + A(aoy +a'o-),
the semi-classical Hamiltonian is given by

. <K(n—1)2+g x«/%)

H =
)m/ﬁ kn? — %,

and it is possible to give a closed form time evolution operator as

0 (t) = Te et

e itHsc — o= §kl14+2/G+1)] {cos Q(Zﬁ)f _i[B()6: + 20y/n6:] in Q(Zﬁ)l} ’

Q)
B =8+ k(1 —2n),

Q) = [BM)]? + 4nA2.

(32)

(33)

(34)

(35)

(36)

(37

It is trivial to apply the operator 77 (T) to any given initial state ket (bra) and then apply
the semi-classical exponential. Figure 1 shows the time evolution of the mean population
inversion (first row), entropy of the reduced field (second row) and Husimi’s Q-function of the
field (third row) for a single qubit as given by JC (left column) and Jaynes—Cummings—Kerr
(right column) models. Our results are in accordance with those in the literature [3, 28] and

we can proceed to sample the dynamics of ensembles.
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Figure 2. Time evolution of the mean population inversion (a, b), reduced field purity (¢, d) and
Husimi’s Q-function for the field at times equal to half-minimum (e, g) and minimum of entropy
(f, h) for a quantized electromagnetic field interacting on resonance, § = 0, with three qubits under
the Dicke model (left column a, ¢, e, f), and with three interacting qubits under the Dicke—Kerr
model (right column b, d, g, h). The initial state for both cases is [/ (0)) = |a) s| — %), witha = 5.

4.2. An ensemble of qubits

For an ensemble of qubits, the task of finding a closed form expression for the time
evolution becomes cumbersome but it is possible to numerically diagonalize the semi-classical
Hamiltonian and implement the time evolution of any given initial state. As an example, we
consider the evolution of ensembles of 3, figure 2, and 25, figure 3, qubits. The information
about the particular initial conditions and parameter values can be found in the figures and
their captions. At this time, it is not our goal to report an in-depth analysis of the dynamics of
generalized Dicke models, but just to present our diagonalization scheme to obtain an exact
solution via Susskind—Glogower operators. For this reason, we comment only briefly on some
basic characteristics of the dynamics. By considering an initial state given by the separable state
consisting of a coherent field and the ensemble in its ground state, | (0)) = |a)¢| — N/2), it
is possible to see that the Dicke model presents strong collapsing and revival of the population
inversion as long as the mean photon number is larger than the number of qubits in the system.
A clear collapse of the population inversion is seen in any case studied here, up to N ~ 2. The
strength of the oscillations in the population inversion diminishes as the number of qubits in
the system gets close to the mean photon number of the coherent state but they become ever-
present at smaller times as we get larger ensemble sizes for a fixed value of the coherent state
parameter. Meanwhile, the purity and entropy of such a Dicke model signals an ever-present
entangled state between the field and the ensemble as the number of qubits gets close to or equal
to the mean number of photons; i.e. the plots change from strong, well-defined, unmodulated
dips in the functions to a strongly modulated flat-liner close to the value of a mixed reduced
density matrix [29-31]. The Q-function for the reduced field behaves as expected. Fora < N,
N + 1 well-defined phase blobs appear and evolve half of them clockwise and the other half

7
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Figure 3. Time evolution of the mean population inversion (a, b), reduced field entropy (¢, d) and
Husimi’s Q-function for the field at times equal to half-minimum (e, g) and minimum of entropy
(f, h) for a quantized electromagnetic field interacting on resonance, § = 0, with 25 qubits under
the Dicke model (left column: q, ¢, e, f), and with 25 interacting qubits under the Dicke—Kerr model
(right column: b, d, g, h). The initial state for both cases is [ (0)) = |o) | — %), with o = 5.

counter-clockwise as time goes by. The revivals in the population inversion are associated with
the overlapping of these phase blobs; a stronger revival corresponding to a better overlapping.

However, when an interacting ensemble of qubits is considered under Dicke—Kerr
dynamics, the collapse and revival of the population inversion is always weak but well defined
and periodical. Purity and entropy functions point to a return to a quasi-separable state on the
first revival for the cases analyzed with the number of qubits less than or equal to the mean
photon number of the field. The mean value of these functions gradually increases with time
and some dips appear periodically due to the constructive interference of the wavefunction
components, leading to revivals in the population inversion. Under Dicke—Kerr dynamics the
phase blobs seem heavily defined by the Kerr process and for « = 5 four phase blobs appear
and two of them evolve clockwise while the other two do it counter-clockwise. This process
produces an overlap of two and two of the phase blobs leading to a weak local minimum in
the purity/entropy, but does not register in the population inversion. It is only when the four
phase blobs overlap that a pronounced local minimum and a revival of the population inversion
appears.

5. Conclusion

We have considered the general N-atom maser model, which can be described by the Dicke
model plus dipole—dipole interactions and Kerr nonlinearity. As a side result, we extend a
previous result based on Susskind—Glogower operators that gives the exact dynamics of a
Jaynes—Cummings model as the product of two time evolution operators. Our main result is
a different and simpler approach involving Susskind—Glogower operators and right unitary
transformations that allow us to represent our generalized Dicke model as a transformed

8



J. Phys. A: Math. Theor. 46 (2013) 095301 B M Rodriguez-Lara and H M Moya-Cessa

semi-classical-like Hamiltonian that is diagonal in the field basis and tridiagonal in the Dicke
basis; thus, the diagonalization of this semi-classical Hamiltonian is known up to the roots of
its characteristic polynomial. The transformed semi-classical-like Hamiltonian gives the time
evolution of the system and provides access to the dynamics of any quantity of interest.

We use our result to derive a closed analytical form for the time evolution operator
of a single qubit interacting with a quantized field in the presence of a Kerr medium, a
Jaynes—Cummings—Kerr model. We also present the time evolution of the population inversion,
reduced field entropy and Husimi’s Q-function of the field for ensembles consisting of 3 and
25 interacting two-level systems under a Dicke—Kerr model where the interaction and Kerr
nonlinearity are equal. This is done to show how simple it is to deal with many atoms with our
partial diagonalization approach.

It is possible that one could follow the dynamics of hundreds of qubits (and possibly
of as many as a few thousand) with our approach at a simple workstation with efficient
programming. This would be of importance, e.g., in the description of realistic micromasers
and may be relevant to the study of fields interacting with Bose—Einstein condensates in the
two-mode approximation.

Appendix. Small rotations for a generalized quantum Rabi model

Some systems, e.g. circuit-QED and open-dynamical systems, may deliver a strong coupled
version of the general Dicke Hamiltonian in (2),

H = Hy+Hy,

Hy = wsd'a +x(@'a)> + x (@ + ') + w, /. + ]%fz

A 8 a | at F N

H=-—"_(G+a"(, +7). (A.1)
=N +

Notice that the A% o< (@ + a")? term [5] has been kept for the sake of generality. The presence
of the strong interaction term deters the use of the approach presented above.

Here, we want to show two things. The first is that we can get rid of the second order
nonlinearity, x, if it is weak compared to the frequency of the field. This allows us to use a
squeezed states basis for the field, described by the transformation,

~ X (2_gh
Ty = e ), X« (A.2)
wyr
that helps us get rid of the y term. The second thing we want to show is that a small rotation
(32],

- A (a—a) (S g

Ty = e @O 8 (A3)
wr + wy

has an effect similar to that of the rotating wave approximation. This small rotation leads to

just a Dicke Hamiltonian including a Kerr medium and dipole—dipole interactions between

the qubit ensemble components,

H =585 +x@a)?+yl> + 1@l +a'j), (A4)

after we have moved to a frame defined by the total excitation number N=a'a+J. rotating
at the frequency of the field and defined the parameters § = w, — ws + 2 x?2 Jor, vy =§&/N
and A = 2g(wy — X)(w% - 2X2)/\/]T]a)f(w} —2x2 + a)qa)f). Note that we have taken the
self-interaction nonlinearities « and & a couple orders of magnitude smaller than the transition
frequency w, in order to neglect products of couplings and nonlinearities.
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We want to emphasize that, while we cannot deal with the strong-coupling regime,

this small rotation method may be valid in the regime where phase transitions appear
ge =/ (wy = 2x?/wp) (g — £) [24, 33].
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